Abstract Motivated by recent progress in viscoelastic indentation analysis, the identification of viscoelastic properties from nanoindentation test data taking the real tip geometry into account is presented in this paper. Based on the elastic solution of the indentation problem, the corresponding viscoelastic solution is obtained by the application of the method of functional equations. This general solution, which accounts for the real geometric properties of the indenter tip, is specialized for the case of a trapezoidal load history, commonly employed in nanoindentation testing. Three deviatoric creep models, the single dash-pot, the Maxwell, and the three-parameter model are considered. The so-obtained expressions allow us to determine viscoelastic model parameters via back calculation from the measured load-penetration history. The presented approach is illustrated by the identification of short-term viscoelastic properties of bitumen. Hereby, the influence of load- 
Introduction
The main goal of nanoindentation (NI) is the identification of mechanical properties of the indented material. During NI measurements, a tip with defined shape penetrates the specimen surface with the indentation load P [N] and the penetration h [m] recorded as a function of time. Commonly, each indent consists of a loading, holding, and unloading phase (see Fig. 1 ). The hardness of the material, defined as H = P max /A c [Pa] , is obtained from the loading phase of the NI test. Hereby, A c [m 2 ] is the horizontal projection of the contact area and P max [N] denotes the applied maximum load. According to [1, 2], Young's modulus E of materials exhibiting elastic or elastoplastic behavior is obtained from the relation between the measured initial slope of the unloading curve S = dP/dh| h=h max and the indentation modulus
where ν is the Poisson's ratio. Parameter identification of materials exhibiting, in addition to elastic and plastic material response, time-dependent behavior (e.g., polymers, bitumen, etc.) requires back calculation of the parameters from the holding phase of the measured penetration history h(t). Recently, analytical solutions for the indentation of axisymmetric, rigid tips into a viscoelastic halfspace were reported in [3] for spherical tips and in [4] for perfect conical tips.
Whereas both [3, 4] considered indenter tips characterized by exact geometric properties, the shape of real indenter tips varies in consequence of the production process and in the course of testing due to attrition. By means of calibration, NI-testing equipment give access to the real tip geometry [2] . In order to consider the so-obtained geometrical properties of the tip for back-calculation of material parameters, analytical solutions for the indentation of a tip into a viscoelastic material, taking the real tip geometry into account, are presented in this paper. For this purpose, the geometrical representation of the indenter tip (with A tip = C 0 f (ρ) 2 for perfect conical tips) is extended to
where A tip [m 2 ] is the area of the cross section and ρ [m] and f (ρ) [m] are the corresponding radius and distance from the apex of the axisymmetric tip, respectively (see Fig. 2 ). C 0 [-] and C 1 [m] are constants describing the tip shape, which are generally provided during calibration of the NI-testing equipment. In a first step, we will solve the elastic indentation problem for the indenter shape given in Eq. 2. According to [5] , the viscoelastic solution is obtained by replacing the operators of the elastic solution by the Laplace transforms of the associated viscoelastic operators. Back transformation gives access to the solution for viscoelastic inden- Fig. 2 Contact between a rigid axisymmetric tip of shape f (ρ) and an infinite halfspace (P is the applied load, h is the penetration, a is the contact radius, and A c is the projected area of contact) tation in the time domain. Finally, the viscoelastic solutions are employed for the identification of viscoelastic properties of bitumen from NI-test data.
Elastic indentation problem
For the solution of the elastic indentation problem, i.e., a rigid indenter penetrating the elastic halfspace, the so-called 
